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SIGN-CHANGING BLOWING-UP SOLUTIONS FOR SUPERCRITICAL 

BAHRI-CORON’S PROBLEM 

MONICA MUSSO AND JUNCHENG WEI 


Abstract: Let fl be a bounded domain in M n , n > 3 with smooth boundary and a 
small hole. We give the first example of sign-changing bubbling solutions to the nonlinear 
elliptic problem 

-Au = |u|"-2 ~ u in O. u = 0 on <9fl, 

where e is a small positive parameter. The basic cell in the construction is the sign¬ 
changing nodal solution to the critical Yamabe problem 

—Aw = |tu| w € P 1,2 (I n ) 

which has large number (3 n) of kernels. 

1. Introduction 

Let O be a bounded domain in M n , n > 3 with smooth boundary d£l. In this paper we 
establish existence of a new type of bubbling solutions to the nonlinear elliptic problem 

(1) — Au = * 1 u in fi, u = 0 on dfl, 

where e is a small positive parameter. 

It is known that solvability for Problem 

(2) — A u = |u| 9-1 tt in D, u = 0, on dQ, 

is an elementary fact when 1 < q < This is no longer the case for q > due to 

the loss of compactness of Sobolev embeddings. Our aim is to analyze solutions exhibiting 
bubbling behavior to the above problem when one lets the exponent q approach from 
above. 

Pohozaev m showed that if 0 is strictly star-shaped then no solution of (J2J) exists if 
q > In contrast Kazdan and Warner m showed that, if Q is a radially symmetric 

annulus, 0 = {a < |x| < b}, there exists a radial positive solution to Problem Q for any 
exponent q > 1. Without symmetry the question is harder. This issue was first considered 
by Coron [9| who found that ((2J) has a positive solution when q = in any domain 
exhibiting a small hole. Also a second solution exists in Coron’s setting, as shown in |7], 
see also the results in 13 Ej and reference therein. The most general result concerning 
existence of positive solutions to (J2|) for q = is obtained by Bahri and Coron [2]: if 
some homology group of with coefficients in Z 2 is not trivial, then ([2]) has at least one 
positive solution, in particular in any three-dimensional domain which is not contractible 
to a point. Examples showing that this condition is actually not necessary for solvability 
were found by Dancer [10], Ding [T2] and Passaseo [23], for q = and also for very 
super critical powers q > > A±|, see [23J. The question of existence for super-critical 

powers close to critical has been addressed in mmmm®, where existence of positive 
solutions to d2J) is established. These solutions become unbounded as the exponent q 4 , 
and they develop a blowing-up profile. 

The research of the first author has been partly supported by Fondecyt Grant 1120151. The research 
of the second author is partially supported by NSERC of Canada. 
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By a blowing-up solution for © near the critical exponent we mean an unbounded 
sequence of solutions u 3 of @ for q = q 3 -A Setting 

Mj = max|rtj| = \uj(xj)\ -A +oo 

we see then that the scaled function 

Vj{y) = M 3 Uj{x 3 + Mj 9j-1)/2 y ), 

satisfies 

A y j + \v 3 \ qj ~ l v 3 = 0 

in the expanding domain fb,- = Mj qj 1 ^ 2 (n — x 3 ). Assuming for instance that x 3 stays 
away from the boundary of ft, elliptic regularity implies that locally over compacts around 
the origin, Vj converges up to subsequences to a solution of 

(3) Aw + \w\™ = ^w = 0 in M n . 

Back to the original variable, “near Xj n the behavior of Uj(y) can be approximated as 

\ 

(4) 




gj— 1 
MM 


If the solution Uj develops a positive bubbling around Xj, then the limit profile © is 
necessarily positive. It is known, see 0122], that for the convenient choice a n = (n(n — 

n—2 

2)) “4“, this solution is explicitly given by 


(5) 


w(z) = a r 


n — 2 
2 


1 + \z\ 2 

which corresponds precisely to an extremal of <r n , the best constant in the critical Sobolev 
embedding, 

m . , Jr. IV«| 2 

(6) <J n = lilt 


On. — 




2 n s 

\u\ n ~ 2 


t, — 2 ’ 


^ (4 

see mm- Thus, a solution blowing-up positively near x 3 looks at main order as 


(7) 


Uj (x) 


1 


n — 2 
2 


a Tl 


1 + MJ 1 - 2 \x-Xj ' 2 


M; 


in mm this issue has been addressed for a class of domains which includes that consid¬ 
ered by Coron in [9] . It is established that a positive solution to © exists for q = + e 

with any small e > 0, or equivalently to ©, if for instance II is a smooth domain ex¬ 
hibiting a sufficiently small hole: considering e as a small parameter, the solution exhibits 
single-bubbling around exactly two points and ceases to exist when e = 0. More precisely, 
let P be a bounded, smooth domain in M n , n > 3, and P a point of T>. Let us consider 
the domain 

( 8 ) n = V\B(P,8) 

where 5 > 0 is a small number. Then there exists a do > 0, which depends on T> and 
the point P such that if 0 < 5 < do is fixed and II is the domain given by (|8j). then the 
following holds: There exists £q > 0 and a solution u e , 0 < e < Eq of © of the form 


( 9 ) 


2 

u e (x) = y^ y a ri 

3 = 1 


1 


n — 2 
2 


1 + £ 


' l ~ 2 Aj £ 2 \x — £|| 2 


n—2 

A je £2(1 + o(l)), 
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where o(l) —>• 0 uniformly as e —> 0. The numbers A j e and the points converge (up to 
subsequences) to a critical point of certain function built upon the Green’s function of fh 

Another kind of construction for positive solutions to CD has been recently proposed 
by Vaira m- if fl is such that Problem CD at £ = 0 admits a positive non-degenerate 
solution uq, then Problem dXJ) has a solution that at main order looks like the sum of uo 
and a blowing-up profile as the one described in (JTJ). 

Not much is known about sign-changing solutions to CD, in fact as far as we know 
no existence results are available in the literature. One may ask for existence of sign¬ 
changing solutions with a blowing-up profile like the one described in ([7]) , with a minus 
sign in front, namely sign-changing solution blowing-up negatively at one or more points 
in 0. Unfortunately, sign-changing solutions blowing-up negatively at one point or at two 
points do not exist, as shown in [3] . 

The purpose of this work is to give the first construction of blowing-up sign-changing 
solutions for (JTJ) . In fact, we show the existence of solutions with the shape described in 
(HD, where w is a sign-changing solution to the limit profile HD- Not much is known about 
sign-changing solutions to ©, being the only available results mmm- Furthermore, 
in order to perform a gluing construction as the one described for positive solutions, an 
important property of the solution w to the limit problem Q is needed: its non-degeneracy. 

In {HI] it is proven that there exists an integer ko such that for any integer k > ko, a 
solution solution Q = Q to Problem 


( 10 ) 


A u + 


u 


IP- 1 ,, = 


u = 0 in 


P = 


n + 2 
n - 2’ 


exists. Furthermore, if we define the energy by 


(ii) 


E(u) = 1 


|Vu| 2 dx — 


1 


p+ 1 


u 


P+1 dx, 


we have 

( (k + 1) S n (l + 0(k 2 ~ n )) if n > 4, 

E(Qk) = { 

[(fc + l)S 3 (l + 0(fc~ 1 |logyfc|" 1 ) if n = 3 

as k —> oo, where S n is a positive constant, depending on n. The solution Q = Q decays 
at infinity like the fundamental solution, namely 


( 12 ) 


where 


lim \x\ n 2 Qk(x) = 

4 

n(n — 2) 

x\—>oo 



\ oik- 1 ) 

if n > 4 

Ck = < 

j0{k~ 1 \ log k\ 2 

if n = 3 


n — 2 
4 


TL — Z . . 

2—(1 + c k ) 


as 


oo. 


Furthermore, the solution Q = has a positive global non degenerate maximum at 
x = 0. To be more precisely we have 


(13) 


n — 2 

Q{x) = [n(n - 2)] 4 


1 - 


n — 2 


x \ 2 -I- 0(|x| 3 ) 


as 


\x\ 


0, 


and also there exists rj > 0, depending on ko, but independent of k, so that 

(14) rj < Q(x) < Q(0) f° r all M < 7^, 

for any k. Another property for the solution Q = Q & is that it is invariant under rotation 
of angle ^ in the x±,X 2 plane, namely 

2tt 

(15) Q(e~x,x') = Q{x,x'), x = (xi,x 3 ), x=(x 3 ,...,x n ). 
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It is even in the ^-coordinates, for any j = 2,n 

(16) Q(xi, ■ ■ ■ ,Xj,. .. ,x n ) = Q(xi,... , -Xj,... ,x n ), j = 2,... ,n. 

It respects invariance under Kelvin’s transform: 

(17) Q{x) = \x^~ n Q(\x\~ 2 x) . 

A detailed description of these solutions is given in Appendix [8j These solutions are 
non-degenerate, as proved in |21j . in the sense precised in Section [2] More precisely the 
dimensional of the kernels of the linearized operator at Q 

-A^= P |Qrv 

is shown to be 3 n. 


In this paper we show that, if the domain II has a small hole, like in [13]) then a large 
number of sign-changing solutions to m exist: they blow-up with a profile Q near two 
points of the domain, and they converges to 0 , as e —> 0 , far from these two points. 

We have the validity of the following result 


Theorem 1.1. Let V be a smooth bounded connected domain in R" containing the origin 
0. There exists 5o such that, if 5 £ (0, do) is fixed and Ll is the set defined by Q = V\u, 
for any smooth domain ui C B(0,6) C V, then there exists a sequence of £k such that, for 
any e £ ( 0 ,£fc) there exists a sign changing solution u £ to j7p, with 


2 

u e{ x ) ='}2Q 

3 = 1 


x | 

A 


n —2 



1 

£2 


(l + o(l)) 


where o(l) —> 0 uniformly as e —> 0. Up to subsequence, 


lim A,> = 

e —>0 3 


A j £ (0, oo), 


lim = £,■ £ 12 , with f i + £ 2 - 


Furthermore 


1 

2 



|Vu e | 2 dx 


n — 2 

2 n + e(n — 2 ) 





2 (k + 1) S n + 0{e\ lne|). 


Theorem 11.11 exhibits new concentration phenomena in which the basic cell of bubbling 
is not the positive solution. In the positive bubbling case, the kernel at the basic cell 
always contains n + 1 dimensional kernels which corresponds to precisely the translation 
and scaling. For sign-changing bubbling solution, which is non-radial, the kernel at the 
basic cell contains not only the translations and scaling but also effects of rotation and 
Kelvin transform. The main difficulty is to find enough parameters to adjust. This is the 
main contributions of this paper. As we discover, the dominating role played is still the 
translation and scaling. 

We mention related results on sign-changing bubbling solutions. For scalar curvature 
type equations, examples of sign-changing blowing-up solutions are constructed by Robert- 
Vetois in [28]-[29]. There negative bubbles are added to a positive solution to the Yamabe 
problem. The basic cell is still the single positive solution. Sign-changing bubbling so¬ 
lutions are constructed in the slightly subcritical problems (e < 0) by Pistoia and Vetois 
[26j . The basic cell is a combination of positive and negative solution. 

In Section [9] we precise the notion of non-degeneracy for Q. In Section [9] we describe 
the projection of the function Q into i7g(fl) and we give the expansion of the energy 
associated to the sum of two projected copies of Q. Section [3] is devoted to explain the 
construction of our solution and the scheme of the proof. 
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2. About the non-degeneracy of the basic cell 


In [211 . we proved that these solutions are non degenerate. To explain this, let us fix one 
solution Q = Qk of the family and define the linearized equation around Q for Problem 
m as follows 

(18) L(4>) = A cj) + p|Q| p_1 </>. 

The invariances (USD, (USD, m, together with the natural invariance of any solution to 
(OH under translation (if u solves (fill then also u(x + £) solves (flOl) for any £ € M n ) and 
under dilation (if u solves (TTOf) then A ~ ^(A^x) solves (flOl) for any A > 0) produce 
some natural functions in the kernel of L, namely 

L(ip) = 0. 

These are the 3n linearly independent functions we introduce next: 

n — 2 

(19) zq(x) = - Q{x) + VQ(x) • x, 


( 20 ) 

and 

( 21 ) 


z a (x) = - — Q(x ), for a = l,...,n, 
ox a 

d d 

Z n+ l(x) = -x 2 - — Q(x) + Xi- — Q(x), 

OX 1 OX 9 


( 22 ) z n+2 (x) = -2x!Z 0 (x) + \x\ 2 zi(x), z n+3 (x) = -2x 2 z 0 (x) + \x\ 2 z 2 {x) 

and, for l = 3,..., n 

(23) z n+i+ i(x) = - xizi(x ) + xi zi(x), z 2n+ i- i(x) = - xiz 2 (x ) + x 2 zi(x). 

Indeed, a direct computation gives that 

L(z a ) = 0, for all a = 0,1,..., 3n — 1. 

The function zq defined in (1191) is related to the invariance of Problem (HOD with respect 
to dilation A ~ Q(\~ 1 x). The functions Zi , i = 1 defined in (1201) are related 

to the invariance of Problem (HOD with respect to translation Q{x + £). The function 
z n+ \ defined in (I 2 TT) is related to the invariance of Q under rotation in the {xi^x^ plane. 
The two functions 2^+2 and z n +3 defined in (I22D are related to the invariance of Problem 
CSD under Kelvin transformation CZD- The functions defined in (I23D are related to the 
invariance under rotation in the (xi,xi) plane and in the ( x 2 ,xi ) plane respectively. 

Let us be more precise. Denote by 0{n ) the orthogonal group ofnxn matrices M with 
real coefficients, so that M T M = I, and by SO(n ) C 0(n ) the special orthogonal group 
of all matrices in O(n) with detM = 1. SO(n ) is the group of all rotations in M n , it is a 

_ n(n — 1 ) 

compact group, which can be identified with a compact set in K 2 . Consider the sub 

group S of SO(n ) generated by rotations in the (xi,X 2 )-plane, in the (xj,x Q )-plane, for 
any j = 1,2 and a = 3 ,,n. We have that S is compact and can be identified with a 
compact manifold of dimension 2n — 3, with no boundary. In other words, there exists a 

^ n(n— 1 ) * * 

smooth injective map x '■ S —> R 2 so that y(S') is a compact manifold of dimension 
2 n — 3 with no boundary and x 1 : x(S) —> S is a smooth parametrization of S in a 
neighborhood of the Identity. Thus we write 

eeK = x(S), Re = x~\0) 

where K a compact manifold of dimension 2n — 3 with no boundary and Rg denotes a 
rotation in S. 
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Let A = (A, £, a, 0) € R + x R n x R 2 x R 2n 3 , and define 


(24) 

where 

(25) 


@ a ( x ) = A " 2 * \rjx^ a {x)\ 2 " Q 


'Re( 


x-£. _ ~| |2 


\vx,U^)\ 2 


x-£ |z-£| 

V\ ,t,a( x ) = -- T7 - a- 


X-CI A 

and Q is our fixed non degenerate solution to Problem (HOD described above. In [18] it is 
proven that for any choice of A, the function 0 A is still a solution of (HOD , namely 

A0 a + |0 a |p- 1 0 a = O, in R n 

For any set of parameters A = (A,£,a, 0) £ R + x R n x R 2 x R 2n_3 , we introduce the 


function 


Qa { x ) = Qa { R 6 x ) 

(26) =\-^\r, x ^ a (R- l x)\ 2 - n Q 

More explicitly 


( Rfj ( 


\r]x^a{R e l x)\ 2 


_ n — £ 

Qa(x) = A 2 


xQ 


x - Rei _ R Jx - R e £,\ 


\x - Rei | 


A 


2 —n 


^^-R e a\^^\ 2 


1 - 2 R e a ■ (*=$£) + |a| 2 | 2 ^| 2 ) ' 

Easy but long computations give the following natural relations between z a and differen¬ 
tiation of Qa with respect to each component of A. More precisely, one has 


(27) 

(28) 
(29) 


d 


z 0(y) — -Q^ [Qa(®)]|a = i,£=O, a=O,0=O 


d 


Za{y) — [Qa(^)]|a= 1 ,£=0,0=0,0=0 ) a — 1 ,..., 


n, 


d 


z n + 2 ( y ) — [Qa(®)]|a=i,^=o,o=o,0=o 


(30) z n+ 2 ,(y) — q [Qa{x)\ I A=l,^=O,a.=O,0=O ■ 

Now, let 0 = (0i2, 0i3 ,..., 0i n , 023,..., 02n) ; where 0 tJ represents the rotation in the 
plane. Then 

Q 

(31) z n+l (y) = ~Q(f^ [ < 3^( a: )]|A=l^=0,a=0,6»=0 
and, for any l = 3,..., n, 

d 

(32) z n+l+l{y) = [QA(^)]|A=l,^=O,a=O,0=O 

d 

(33) z 2 n+l-l(y) = -qq^ [Qa{x)\ |A=l,^=O,a.=O,0=O ‘ 

Following [18], a solution Q is said to be non degenerate if 

(34) Kernel(L) = Span{z a : a = 0,1,2,..., 3n — 1}, 
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or equivalently, any bounded (or any solution in V 1,2 ) of L(p) = 0 is a linear combination 
of the functions z a , a = 0,..., 3n — 1. 

In [2D we proved that, under certain condition on the dimension n, the solution Q is 
non-degenerate. Indeed, in m we showed that in all dimensions n < 48, any solution 
Q = Qk is non degenerate in the sense defined above. If dimension n > 49, our result 
m guarantees the existence of a subsequence of solutions each one of which is non 
degenerate. 


3. First approximation and expansion of the energy 

The existence of a non degenerate solution in D 1 , 2 (R n ) of (1101) is the basic element for 
our construction. In fact, we can perform our construction starting from any one of the 
infinitely many solutions Q = Qk with the property of being non degenerate. Thus, from 
now on, we fix a function Q = Qk, and for simplicity of notation we drop the index k. 

The function Qa defined in (1261) will be the building block of our construction. We first 
correct it so that it satisfies zero boundary condition on <9fL This is done defining PQa 
to be the projection of Qa onto Hq (Q), namely the unique solution to 

(35) A u = A Qa in fi, u = 0 on <9D. 

In other words, PQa = Qa — PA where pa solves 

(36) A u = 0 in O, u = Qa on <90. 

Next Lemma provides a precise description of PQa and 99 ^ 4 , when A —> 0 . To state the 
result we need to recall the following. Let us denote by G(x, y) the Green’s function of 
the domain, namely G satisfies 

(37) A x G(x,y) = S(x — y), x £ 0, G(x,y) = 0 , x £ d£l, 

where 5(x) denotes the Dirac mass at the origin. We denote by H(x,y) its regular part, 
namely 

(38) H(x,y) = T(x - y) - G(x,y) 
where T denotes the fundamental solution of the Laplacian, 

(39) r(x) = b n \x\ 2 ~ n , 
so that H satisfies 

A x H(x,y) = 0, i£ll, H(x,y) = T(x — y), x € <9fL 
Its diagonal H(x,x) is usually called Robin function. 

Lemma 3.1. Assume that a £ M 2 , £ € R n , and 9 £ K are fixed so that £ IL We 
have the validity of the following estimates: 

(40) p A (x) = bf 1 Q (R e a) H(x, R e Q) + O(A^) 
uniformly for x £ fl, as A —> 0. Furthermore, 

(41) PQa(x ) = b~ l A^ Q (R e a) G(x, R e f) + 0( At) 

uniformly for x in compact sets of Q\ as A —> 0. In [JW and H and G 

are the functions defined respectively in 138 1) and b n is a positive constant defined in 
m\) . and 0(1) denotes a smooth function of x which is uniformly bounded as A —>■ 0. 

Proof. Let x € dll and let <5 > 0 so that dist (. x,Rg £) > 6. Define X = 1 —Aei, Tim 
argument of the function Q in (1261) gets re-written as 

^^-Rea\^j^\ 2 X — R e a\X\ 2 

l_ 2 j R ea -(^i) + |a| 2 |^# “ l-2R e a-X + \a\ 2 \X\ 2 
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Observe that X = ,L —>• oo uniformly on x G <90, as A —> 0. Thus we have 


X - Rga\X \ 5 


X - Rqcl\X\- 


1 — 2Rqcl ■ (X) + |a| 2 |X | 2 


|a| 2 |X | 2 
Re a 


Y _o ^ | i 


1 2 


(42) 


+ 


\ a \ 

X 


'ISP 1*P 


MW 

1 

ar |X|2 ' |a| 2 |X | 2 


-2 




| a. | 2 1 X | 2 

A Taylor expansion gives that, uniformly for x G <90, one has 

-2 


a | 2 |X | 2 |a| 2 |X | 2 


-2 




1 


|X | 2 |a| 2 |X| 2 _ 


= l_2|-2++X + 


1 


|a | 2 |X| 


2 'a| 2 |X | 2 

1 N 2 


+ 3 ( - 2 ^-mL + ^W) + 0(A 2 ) 


= 1 + 4 


i-i 2 l ^ 12 
Rqcl X 


|a| 2 |X | 5 


a 


|X| S 


|a| 2 |X|- 


+ 12 


Rea X 


|a | 2 |X | 2 

= i + 4AJ-X + o(a 2 ) 


+ 0(A 3 ) 


as A —> 0. Inserting this information in 

X-R e a\X\ 2 
1 — 2Rga ■ (X) + |a| 2 |X | 2 


|X | 5 
, we get that 


Re a 


+ 


X 


(43) 


i«r |a| 2 |x| 2 

_4^.^ + 0 (A 2 ) 


lar |X|= 


12 
Re a 


x - Rg£ 

\a\“ \a\ 2 \x — Red 2 


+ 


Rea Rga x - Rg£ , 2 \ 

~ 4 T+ W' \X - RA? + ' '■ 


Thanks to (T43ll . we get that 

X - R e a\X\ 2 


(44) 


Q 


1 — 2a • (X) + |a| 2 |X | 2 


= Q(- 


Rga, 


+VQ(-Sf)[ x ~ ReS 


-4+g+g. , X ~+1 ]A + 0(A 2 ) 


a | 2 l \a\ 2 \x — Rei\ 2 |a | 2 |a | 2 \x — Red 2 


uniformly for x G <911, as A —>• 0. 

On the other hand, in the same region x G <911, we have that 


x - R e i \x- R-0£\ 

— Kq ci --- 


\x - Rgd 


2 —n 


A 


n —2 


(45) 


+ 


|a| n_2 |x - Red n ~ 2 

n — 2 Rga x — RgS, 


a\ n ~ 2 \x - Rgd n ~ 2 \a \ 2 \x - Red 2 
+ 0(A n ). 


\ r ‘ 
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We conclude from 
<Pa{x) = 
+ 

+ 


and (|45p that, uniformly for x G dVt. 


n — 2 

A 2 


| x-Rei\ n ~ 2 | a' n ~ 2 


a 


\ -i 

A 2 


1 . RqCL . - . RqCL x Rot 


|x — i?6»C| n_2 |a| n_2 ' ' |a 

A 2" 1 r X — Ref 


-4 


a| 2 \x-R e i\ 2 
Rga Rga x — Rgf 


\x — Ref\ n 2 |a| n 2 \a\ 2 \x — ReC\ 2 |a| 2 |a| 2 |x — Ro£,\ 2 


n-\-2 > 


(46) 


+ 0(A 2 ) 
A 2 


I® - Rot \ n ~ 2 


3^ Q(Rga) -f 0(A 2 ) 


as A —> 0. Observe that we have used the fact that = Q(Rga). A direct 

application of the maximum principle guarantees the validity of (1401) . To prove (1411) . it is 
enough to observe that, for any x in a compact set of fl \ {i?e£}, 


(47) 


Qa(x) = 


n —2 

A 2 


\x — Ret\ n 2 

as A —> 0. This concludes the proof of the Lemma. 


Q(Rga) + 0(A 2 ) 


□ 


We consider now two sets A\ = (Ai, 6, «i, &i) and A 2 = (A2, <^2, 0 - 2 , #2) and the functions 

Qi = QAi, RQi = PQ Ai , i = 1 , 2 . 

Our purpose is to estimate the following quantity 

Jo(PQi + PQ 2 ) = \ [ |v(PQi + PQ 2 )| 2 -^- [ (PQi + PQ 2 ) p+1 . 

2 Jn p + 1 Jn 

We use the notations 

(48) 6 — Pditii — Row, i — L 2. 

Let us now fix a number <5 > 0 and consider the following constraints 
(6,6) G x 0 : dist(6, dfl) > 6, ||i -| 2 | > S 


(49) 

Let us set 

(50) 


G K, |aj| < -, i = 1,2. 


7n = J [ |VQ| 2 - —- 
2 Jmp p + 1 


IQI P+1 


Lemma 3.2. Given 5 > 0 we have the validity of the expansion 

Jo{PQi + PQ 2 ) = 2 7n + « n LT(6,6) Q(ai) 2 A” -2 
+ a n iL(6,6) Q(d2) 2 A 2 —2 

/v n — 2 n — 2 

- a n 2G(6,6)Q(ai)Q(a 2 ) A x 2 A 2 2 
(51) + o(max{Ai, A 2 } n ~ 2 ) 

as Ai, A 2 —» 0, uniformly in the set satisfying constraints (®*- In (Eiy, a n denotes a fixed 
positive constant, independent of s. 
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Proof. The full expansion (15111 is consequence of the following formulas: 


(52) 


\S7PQi\ 2 = / \VQ\ 2 -2a n H(t i ^ i )Q 2 (a i )\ r ; 

Jr™ 

+ o(\r 2 ), 


n —2 


(53) 


n —2 n —2 

2 


\/PQ 1 \/PQ 2 = 2o n G(£i, £ 2 ) Q(ai)Q(a 2 ) A x 2 A 2 


+ o(max{Ai, A 2 } n 2 ), 


(54) 


and 


p + 1 


[|PQ! + PQ 2 | P+1 - |PQi| p+1 - |PQ 2 | P+1 ] 


71 — 2 71 — 2 


— 4a n G(^i,^ 2 ) g(ai)Q(a 2 ) A x 2 A 2 - 
+ o(max{Ai, A 2 } n ~ 2 ) 


-A f i^o.r +1 = -4- [ 1 er +i 

P + 1 Jn p + 1 


(55) 

Indeed, we decompose 


-2a n H{i i ,i i )Q 2 {a i )\ 1 f- 2 

+ o{K~ 2 )- 


MPQi + PQ 2 ) = V M [ |VPQj| 2 - -4 t / 

“ 2 2 Un P + 1 Ai 


to, 


ip+l 


+ / VPQIVPQ 2 

Jn 

- J [\pqi+PQ 2 r 1 - toto - itoTO]. 

Thus substituting estimates (1551) . (1551) . (1551) and (1551) in this relation we obtain the thesis. 

In what is left of this proof, we shall show the validity of (1521) . (1551) . ([551) and (1551) . 
Proof of 1551) . For simplicity, we write ip%{x) = 99^ (x). An integration by parts gives that 

(56) [ \VPQi\ 2 dx= [ \Qi\ p+1 dx — [ | Q l \ p ~ 1 Q i pidx 

Jq Jq Jq 

taking into account that —A PQi = \Qi\ p ~ 1 Qi- Let us first compute \Qj] p+1 dx, writing 

f \Qi\ p+1 dx = I \Qi\ p+l dx+ f \Qi\ p+1 dx 

JQ J\x—£i\<5 J\x—£i\>6 
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for some 6 > 0 fixed and small. In the ball \x — £,| < 5 we introduce the change of variables 
y = so that 




\Qi\ p+1 dx = 


'\v\<-h 


K L 


\v\ 

y 

\y\‘ 


- di\y\ 


2 —n 


CLi 


2 —n 


\Q\ 


\y\ 2 ~ n \Q\ 




1 P+1 


y _ a. 12 
a?I 


- a,; 


p+i 


J/ -a I 2 

07 I 




since |u>| 2 n Q(-j—r^) = Q(w) 


\w\ 


\y\ 2 ~ n \Q\ 
\y\ 2n 101 


y 

1+ 

y 


CLi 


P+1 


dy 


|y| : 


(Li 


P+1 


dy 


using the change of variables z = 


|y| 2 


[ \Q(z-a i )\ p+1 dz= [ \Q\ p+l dz + O(Af), 

d|z|>^ dlT 1 


'l z l> « 

where 0(1) denotes a generic smooth function of the parameters that is uniformly bounded 
as A i —> 0. Observe that the last expansion is consequence of (fldl) . (fT4l) and (H9l) . On the 
other hand, in the set \x — £*| > 5 we have the validity of the expansion (1471) . so that we 
conclude that 

I' n-\-2 n-\- 2 

/ . \Qi\ p+1 dx <C \ 2 |Q(a*)|<OV 

'\x-ii |>(5 

where again we use the assumption in (l49jl that \cn\ < and also (fT3l) - (fT4l) . 

We thus conclude that 

(57) [ \PQi\ p+1 dz = [ \Q\ p+1 dz + 0(\ f* 2 ). 

Jn J 

We turn now to f n \Qi\ p ~ 1 Qi l fi dx. We claim that 

(58) [ \Q i \ p - 1 Qmdx = b- 2 \?- 2 Q\d i )H(i i ,£ i ) + OW- 1 ), 

Jn 

where 0(1) is uniformly bounded, as A* —> 0, in the set of parameters satisfying (1491) . We 
decompose 

[ \Qi\ p ~ 1 Qmdx= f | Qi\ p ~ l Qi<Pidx + [ _ IQi^Qmdx 

Jn J\x—£i\<s J nn|ic— 

Recalling the validity of the expansion (14U1) for ipi, we get that 

f \Qi\ p - 1 Qmdx = b- 1 \^Q(a i )H(i i ,{ i )l f m^Qidx) 

J\x—Ra.£i\<S V J\x—ii\<6 / 


+ 


+ 






|a:— 

IQil^Qidxj 0(A™" 1 ) 
m^Qiix - ii\dx) o ( a 4 ~ ). 


n — 2 

i 
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In the ball lx — 01 < 5 we introduce the change of variables y = T \ ^ , and using the 
invariance of Q under Kelvin transform, 




\Q i \ p ~ 1 Q i dx = a: 


n —2 
2 


IvMQI 


j/_ 

M 2 


i p 


n —2 

= A, 2 


in+2 


|Q| ( |^| 2 a? 


dr/ 


dy 


using the change of variables z = 


V_ 


n —2 

= A, 2 


1 


* / A |-|n=2 lG( Z-a *)| Pdz 

•'M>t H 


n — 2 

= A, 2 


1 


|z + dA n ~ 2 


IQ| P + °(Aj 2 ), 


as A* —> 0. Recall now that 

Thus we get 
(59) 


Q{di) — b n 


—AQ\ p dz 




n \Z + di\ n 2 

n—2 n—2 

\Q l \ p - 1 Q i dx = b~ 1 X l 2 Q(di) + o(A- 2 ). 


On the other hand, using again the change of variables y = one finds directly that 


\Qi\ p ~ 1 Q l \x-f i \dx = 0(X 2 ). 


J\x-£i\<S 

On the other hand, we have 


[ „ \Q i r i Q i < Pi dx=o(\r l ) 

Jnn\x-ii\>s 

as direct consequence of ifTTTl) and (H71) . Collecting the above estimates we get the validity 
of m- Expansion (l52l) follows directly from (11771) and (l58l) . 

Proof of iTTTl) . Arguing as in the proof of (1521) . it holds 

f VPQ 1 VPQ 2 = I \Qi\ p ~ l QiPQ 2 = { [ \Q 1 \ p - 1 Q 1 PQ 2 dx) (l + o(l)), 

Jn Jn \J\x-£i\<s ) 

as \ —> 0, i = 1, 2. Now, using ED, we get 


\Qi\ p ~ 1 QiPQ 2 dx = b~ L X 2 2 Q(d 2 )G(ei,6) x 


-i\ — 


'|ie-£i|<<5 


'\x- £i|<<5 


IQ^Qidx) (1 + 0(A 2 )) 


Thanks to (l59l) . we conclude that 

C n — 2 n — 2 

/ . \Q 1 \ p - 1 QiPQ 2 dx = b~ 2 X 1 2 A 2 2 Q(di)Q(d 2 )G(6,6) 

d|x-|i|<(5 

(60) + o(max{Ai, A 2 } n_2 ). 


This gives the validity of 
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Proof of M) - We write 
1 

p + 1 


/ [|PQi + PQ 2 \ P+1 - \PQi\ p+1 - I PQ 2 \ P+1 ] 

Jn 

= I , | PQi\ p - 1 PQiPQ 2 

J\x— |i|<<5 

+ / . \PQ 2 \ p - l PQ 2 PQi + 0((AiA 2 )^) 

—^2|<<5 

= / . \Qi\ p ~ l QiPQ 2 

J\x-£i\<8 

\Q 2 \ p - 1 Q 2 PQi + 0((X 1 X 2 )^) 


■J\x-£2\<8 

At this point, (1541) follows directly from (1601) . 

Proof of [55\) . Using the estimate (1471) . we see that 

~T [ \PQi\ P+1 dx = -2- / 

P+1 Jo P+lJ\x-ti\<5 

On the other hand, a Taylor expansion gives 


\PQi\ p+l dx + 0(A"+ 2 ). 


1 


( \PQi\ p+1 dx = 

J\x —£2 <6 


1 


P+ 1 ■' |x—G;|<(5 


p+1 ./|x-+<<5 


|PQi| p+1 dx 


+ / . |-PQj| p 'PQmdx (l + o(l)) 

\4|a:-fi|<<5 / 

1 f 


p+1 J\ x -ii\<6 


\PQi\ p+1 dx 


+ / . \Qi\ p l Qmdx (1 + 0(1)) 


We now apply (1571) and (1581) to get (1551) . 


□ 


We shall now choose the numbers A,- in terms of e: we will assume 


(61) 


K n- 2 _ Jr™ IQ| P+1 a 2 


= 


A fs. 


na r , 


Let us consider the energy functional, associated to problem (P), 

(62) J,(u) = 1 / |V»| 2 - —j— [ U f +1+ '. 

2 Jn p + 1 + £ Jn 

Arguing like in [13], we show that 

J £ (PQi + PQ 2 ) = MPQi + PQ 2 ) 

+ 2 £ 


+ 


, Ly?/ I <?| P+1 - —L- / l< 3 | P+ 1 log|!/| 
_ (P + l) 2 Jr™ p + 1 Jr™ 

elog(AiA 2 ) [ \Q\ p+l + o(e). 

Jr™ 


(n - 2) 2 
4n 


Combining this estimate with the previous lemma, and our choice (1611) for A j, we get the 
following result. 
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Lemma 3.3. Let 5 > 0 and assume that 


(£1,62) €E Cl x Cl : dist(£i,dtt) > 6, |£i — £2) > S 

1 


where 


Ar 2 = 


5 <Ai< cT 1 
Ir" IQI p+1 A 2 


% e K, \ai\ < i = 1,2, 


na r 


Aj£, £j — 7^0j£i, di — Jdg i CLi, i — 1;2. 


Then there exists £0 > 0 such that, for any e € (0, £0) we have 
(63) J £ (Ui + U 2 ) = 2^ n + Xn^loge + 

/«»ler 1 




n 


^(Ai,A 2 ) + o(e), 


uniformly with respect to sets of parameters A\ and A 2 satisfying (ZIP- Here 

*(Ai,A 2 ) = ^(£ 1 ,£ 1 )Q 2 (a 1 )A? + iff(| 2 ,e 2 )Q 2 (a 2 )Al 

(64) — G(£i,£ 2 )Q(ai)Q(a 2 )AiA 2 + log AiA 2 , 

while r] n and Xn are the constants defined by 

In = 2 {—[ lor 1 -T— ( \Q\ V+1 log |Q|} 

[p + !) J R™ P + 1 JR" 

'/R-ior 1 ' 


+ 


P+1 


Xn log 


na r , 


and Xn = f R n |Q| P+1 - 


4. Scheme of the proof 

The solution predicted by Theorem ll.il will have the form 

(65) u(x) = (1 + C) (uo(x) + 4>(x)j , 
where f is the number defined by 

(66) C = 2 S-i+ e > - 1 

and no is the function defined by 

(67) uq(x) = PQi(x) + PQ 2 (x ) 

where for j = 1,2, PQj is the Hq (fl)-projection of the function Qa defined in (1261) . for 
some parameter Aj = (Aj, £j, Oj, Ofi). In (l65|) . the function f) has to be determined to have 
that u is a solution to ©■ 

It is useful to rephrase Problem dTJ) in some expanded domain Cl £ = e~Cl. After the 
change of variables 

1 1 1 

(68) v{y) = e 2 u(s n - 2 y), y = e n ~ 2 x € Cl e , 

Problem (JT]) gets re-written as 

(69) Av + v p+£ = 0, v > 0, in Cl £ v = 0, on dCl e , 

In the expanded variables, the solution in (1651) gets into the form 

1 1 

(70) v(y) = v 0 (y) + <f{y), where v 0 (y) = £2w 0 (e"- 2 2/). 
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In order to determine the unknown function 0, we proceed in two steps. In the first step, 
we fix the parameters A\ and A 2 , and we find 0 as solution of a proper non linear projected 
problem. With abuse of notation, we denote 

Aj = (A j,£j,a,j,6j) € M+ xOxI 2 x/( 
and we assume the following constraints on Aj, j = 1, 2 : 

(|i, 6 ) dist(£j,<9fi) > 5, ||i - | 2 | > 8 


(71) 


for some fixed 8 > 0 , where 

K~ 2 = A 


t —1 


1 


CLi I . 

* = 1,2, 

1 ~ 2 

11 

* = 1,2 


with (3 n the positive number defined by (3 n = 
gives that, as e —> 0 , 


U |Q 1 P+1 


. Observe that a direct computation 


My) = 

3 =1 

(72) + o(l) 


2 


2 —n 


Q 


( y - R M'i _ o ,,. y h ’“A ■> \ 

A* nOjUj | A * | 


riA^Rg.^ajiy) 


where the function rj is defined in (l25l) . A* = (/3 n A?)™- 2 , see (fHTjl . and = e n ~ 2 ^j- 
Consider the following functions, for any a = 0,1,... , 3n — 1, and j = 1,2 


z aj = 


VA^Rg.Z^ajiy) 


2 —n 


( y Re j G _ d \ y Re j^j |2 
A * - r RL u, .7 


“j A? I A* 


V 


'/AGa, (//) 


where the functions z a are defined in (flUD . (12UD . d2U), (1221) . j23D, and the function rj is 
defined in (|25D . Consider furthermore their Hq (fl £ )-projections Z aj , namely the unique 
solutions of 

A Z a j = AZ a j in fl £ , Z a j = 0 on <9i\. 

The nonlinear projected problem that we first solve consists in finding a function 0 such 
that the following equation holds 


(73) 


( A(u 0 + 0) + (U 0 + (j)) P + £ = Eaj C <*3 vP j lZ &3 in 

< (j) = 0 on dQ e , 

{ fn e Mj~ lz aj = 0 for all a,j, 


for some constants c a j, where 


Vi(y) = E 2 PQi(en-iy), i = 1,2. 

A fundamental tool to solve properly Problem (1731) consists in developing an invertibility 
theory for the following linear problem. Given h £ C a (£l e ), find a function 0 such that 
for certain constants c a j, j = 1,2, a = 0,..., 3n — 1 one has 


( 74 ) 


A(/) + (p + £)v p q +£ l (t> = h + Y Ja jCajV P i 1 Z a j in 
0 = 0 

M v ^ lZa M d v = 0 


on dO, £ 
for all i,j. 
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We do solve (1741) in proper weighted L°°-norms: for a function ijj defined on we define 

-0 


= sup 

x£fl e 




/ 12\-2 


4>(x)\ 

- P ~^=2 


+ sup 

X&VL e 


£a + i*-Si 2 ) 

c =i 

where (3 = 1 if n = 3 and (3 = otherwise, and 


Dil>(x) |, 


4 

n — 2 


** = sup 

xen e 


n — 2 
2 


^(x)|. 


^a + ii-{'i 2 )- 

C =1 

In Section [5j we shall establish 

Proposition 4.1. Assume constraints \71\ ) hold on the parameter sets Ai and A 2 . Then 
there are numbers £0 > 0, C > 0, such that for all 0 < £ < £0 and all h G C a {pt £ ), problem 
m admits a unique solution cj> = L e (h). Besides, 

(75) \\L £ (h)\U<C\\h\U*, \Caj\ < C||/t||** 

and 

(76) ||V A , 5> ,^||* < C\\h\\**. 


A fixed point argument using contraction mapping Theorem gives as a direct byproduct 
of the previous Proposition the following result that states unique solvability of the non 
linear Problem (1731) . for any given sets of parameters A\ and A 2 . 


Proposition 4.2. Assume constraints f 7 1\ ) hold on the parameter sets A\ and A 2 . Then 
there is a constant C > 0, such that for all small e there exists a unique solution cf> = 
4>(Ci A) to Problem {73\J with 

(77) IMI*<C£, ||V A , e> ,^||* < C£ 

The proof of Proposition 14.21 is postponed to Section [ 6 l 


Looking back at Problem (1731) , it is immediate to observe that vo + <f> is a solution to the 
scaled Problem (1691) if the constants c a j appearing in (1731) are all zero. The second step 
in our argument consists in showing that the constants c a j can be made all equal to zero 
provided the parameter sets A\ and A 2 are properly chosen. Let us explain this second 
part of our argument. 

Consider the function of A\ and A 2 defined by 


(78) I(A 1 ,A 2 ) = J E ((1 + C) (uo(x) + 4>(x))), 

where J £ is defined in ([62]) . uq is given by (1671) and (j>(x) = e~^(j){e~ : ^x), where cf is the 
unique solution to Problem (1751) as predicted by Proposition 14.21 Recall that 

Aj = (A j,£j,aj,9j) € K + x!1xR 2 xJ{, j = 1,2. 

A consequence of Proposition 14.21 and estimate (1771) . is that the function I depends in a 
C 1 sense on the parameters A\ and A 2 . Furthermore, we see that 

I(Ai,A 2 ) = (1 + () 2 F £ (v 0 + 4>), 


where £ is defined in (1661) and 

F £ (v) = IJ^ \Dv\ 2 


1 

P + E+ 1 



v p+£+1 . 




SIGN-CHANGING SOLUTIONS FOR SUPERCRITICAL BAHRI-CORON’S PROBLEM 


17 


The key observation of our argument is the following 

Lemma 4.3. u = (1 + C)( u o + f) is a solution of problem (Q) if and only if (Ai,^) is a 
critical point of I. 


Before giving the proof of Lemma 14.31 an observation is in order. Let us recall that, for 


A = (A ,f,a,9) £l + x 


_ n— ^ 

Qa(x) = A 2 


x JR x 

x-i 


2n —3 


, the function Qa is defined as 


|®-£l 


— a- 


l*-£l 


2 —n 




Q 


— a 


x-£ 1 2 
A I 


l-2i.(3t£) + |„p|iA| 2 , 


with 

£ = Ref, a = R e a. 

Recall the functions z a , a = 0,..., 3n — 1, defined in (fl9|) . (1201) . (|2TT) . (1221) . (1231) . These 
are the only elements in the kernel of the linear operator L(ip) = Aip + p\Q\ p ~ 2 Qp (see 
m3). We are in a position to prove 


Proof of Lemma f.3. Consider, for example, the derivative of I with respect to an, the 
first component of a\ = (an,a^) G M 2 . We start observing that that TRR 1 = 0 is 
equivalent to say that -rZL-F £ (y o + 4>) = 0. Next we compute q^-F £ (vq + (f) = DF e (y o + 
( l ) ')\-daR Vo + daR^- the other hand, using (1291) . one sees that 

d 

-Vo = z n+ 2,1 = Z n+ 2 A + o(l) 


da 


where 


Zaj = (A*)" 


n — 2 
2 


n 


VA* j ,R g .? j ,a j (y) 


2 —n 


( y _ u "‘■ A' A 

a* 1X9 j u j i a* 


V 


VARRe^fajiy) 


and Z a j is the Hq (fl £ )-projection of Z a j. Taking into account that ||g|h-</>||* = o(l), as 
e —» 0 , we get that = 0 is equivalent to say DF £ {vq + f>)[Z n+ 2 ,i + o(l)] = 0 . Based on 
this argument, we can say that the conditions VI(A\, A 2 ) = 0 are equivalent to say that 

(79) DF e {yo + 1 i>)[Z a j + o(l)] = 0 


for all a , for all j. Digging further in the above set of equalities, and using the fact that, 
by definition, DF e (yo + <f)[g] = 0 for all functions such that f n Vq~ L Z p^g = 0, we can be 
more precise in (1791) : indeed, one has that 


DF e (yo + 4>)[Z a j + o(l)0] = 0 for all a, j 

where 0 is a uniformly bounded function, that belongs to the vector space generated 
by the functions Zq^. From the above relation we thus conclude that the 6 n conditions 
R71(A\, A 2 ) = 0 are equivalent to the 6 n conditions 


DF e (v 0 + 4>)[Z aj ] = 0 

for all a,j. By definition of the c a j, it is easily seen that this is indeed equivalent to 
c a j = 0 for all a,j. This concludes the proof of the Lemma. 

□ 


The result of Lemma 14.31 says that the function defined in (1651) 

u(x ) = (1 + C) (wo(®) + <Kz)) , 

where <f(x) = e 2 4>{s n - 2 x) and (j) is the unique solution to Problem (1751) as predicted by 
Proposition 14.21 is a solution to (JT|) if (AhA-f) is a critical point for I defined in (1751) . 
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Our purpose is thus to establish the existence of a critical point for I(Ai,A 2 ). To this 
purpose, we first give an asymptotic estimate for the function I(Ai,A 2 ). We prove 

Proposition 4.4. Let f be given by \66\) . Then we have the expansion, 

£ 2 ^ 1 I(Ai,A 2 ) = 27 n + Xn£ log e + p n e 
(80) + w n e^(Ai, A 2 ) + o(e)6(Ai, A 2 ), 

uniformly with respect to (Ai,A 2 ) satisfying constaint where 0 and its derivatived 

DO are smooth functions that are uniformly bounded, independently of e. Here, we recall 

*(Ai,A 2 ) = ^(6,6)g 2 (a 1 )A? + ^(| 2 ,| 2 )Q 2 (a 2 )A2 

— G'(|i,| 2 )Q(ai)Q(a 2 )AiA 2 + log AiA 2 , 
and the constants in (E2D are those in Lemma 3.2. 

The proof of this result is postponed to the end of Section EJ 

The final argument to get our Theorem 11.11 is to show that the function T in (18011 
defined also in (|64l) has a critical point, in fact a robust critical point of min max type, 
that persists under small C 1 perturbation. This is where we need that our domain LI has 
the shape of a smooth bounded connected domain with a small removed hole. We show 
the existence of a min max structure for T in Section [TJ This completes the proof of 
Theorem o 

The rest of the paper is devoted to give detailed proofs of all our previous statements. 


5. The linear problem: proof of Proposition 14.11 


Proof of Proposition ^ . 1\ The proof of this result is divided into two steps: we first assume 
the existence of a solution, and we prove the estimates (1751) . then we show existence of f>. 

To prove m , assume that there exists sequence e = e n —>■ 0 such that there are 
functions cf £ and h £ with ||/i e ||** = o(l) such that 

Af> £ + (p + £)v p Q ~ 1+£ 4> £ = h £ + Cajv'j ^Z a j in Ll £ 


<f> £ = 0 on dLl £ , 

/ v l Z a j(j) £ dx = 0 for all a,j , 

Jn e 

for certain constants c a j , depending on e. We shall show that ||</> e ||* —> 0. 
We first establish that 


»e\\p = sup 


+ sup 






-03 ~P) 

M x ) I 

-OJ-p-sh) 

D(f e (x )| -s- 0 


with p > 0 a small fixed number. To do this, we assume the opposite, so that with no loss 
of generality we may take ||^> e || p = 1. Testing the above equation against Zpk, integrating 
by parts twice we get that 



v p r 1 Z n ,Z l 


aj ^ (3 k 



Zpkf>] 


(81) 


heZfi^k- 
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Formula (18111 defines a linear system in the 6 n variables c a j, which is uniquely solvable, 
with bounded inverse. This is due to the following facts: fix a and j. If k ^ j, then 


f v p 1 Z aj Z/ 3k = 0(e»- a ), for any j3. 


If k = j, then we have 


yl j Z«jZ P j — 


f R » \Q\ P 1 4 + 0(e»- 2 ) if a = P, 

f Rn IQl^ziZn^ + 0(e n ~ 2 ) ifa = l,/3 = n + 2, 
fun \Q\ p ~ 1 Z2Z n +3 + 0(e ™- 2 ) ifa = 2,/3 = n + 3, 

n 

0(e n ~ 2 ) otherwise. 


Moreover the numbers f Rn |Q| p- 1 «a, a = 0,1,... , 3n— 1, and / R „ \Q\p~ 1 z\z n+ 2 , f Rn |Q| p_ 1 ^ 2 ^n -(-3 
are Hxed numbers, different from zero, that are independent of e. The above computations 
tell us several facts: first of all, the linear system (1811) of 6 n equations in the 6 n variables 
c a j at main order decouples in two systems, the first a 3n x 3n system in the variables 
c ay i and the second in a 3n x 3n system in the variables c a 2 . Second, if we analyze for 
instant the system in the c Q i, we see that the coefficients coi,... C( 3 n _i)i are coupled, at 
main order, but the coupling is very clear, in fact only two coupling occurs: the variable 
cn with the variable c n + 2 ,i and the variable C 21 with the variable c n + 3 , 1 . Except for these 
coupling, the system in the c a i decouples at main order, as e — > 0. We finally observe that 
the matrices 

/ R n f R n \Q\ P ~^Z\Z n -\-2 

_f R n |Q| P_1 2l^n+2 f R n |Q| P_1 4+2 . 

(82) 

f M n \Q\ P ~ l zl f Rn \Q\ P ~ 1 Z 2 Z n+3 
\Q\ P ~ 1 Z 2 Z n +3 f Rn \Q\ P ~ l zl +3 _ 


are invertible. Thus we conclude that (1811) defines a linear system in the 6 n variables c a j, 
which is uniquely solvable, with bounded inverse. 

On the other hand, it is easy to see that we have, for l = 1,2, 



AZ ak + (p + e)v p 0 +£ 1 Z ak (j) 


Thus, we conclude that 


o(l)||0|| p , and |/ h E ,Zp k \ < C||h e ||** 
Jq. £ 


(83) | c a j | < C\\h e \\** + o(l)\\(j) £ \\p 

so that Cij = o(l). Let G e denotes the Green’s function of kl £ . We have for x £ fl £ 


4> £ (x) = (p + e) [ G £ (x,y)v% +£ 1 (p £ dy 
Jn e 

(84) - G £ (x,y)h £ dy~y2c aj v^ 1 Z aj G £ (x,y) dy 

Jn e Jn e 

Furthermore, the function (j) £ is of class C 1 and 
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(85) - / d Xj G £ (x, y)h £ dy — c a j / vfi 1 Z aj d Xj G £ {x,y) dy x <G fl e . 

Jn e Jn e 

Direct estimates give 

r A i 

dy 

irr 

0 


r 2 i 

G £ (x,y)\h £ \dy < \\h e \\„C / r(x-y) 7—7 - 77 m 2 

J r i 1 + \u - ) 


< 


ciim**E 


•7=1 

1 




n — 2 I 5 


| f v p - i Z aj G e (x,y)dy\ <C [ r(x - y) E 
■Jn e J R" • 1 


^(i + |y-£'l 2 )^ 


1 


< cV — 

U (i + k-eii 2 )^ 


n — 2 


and 


^ V(l + |x-C'| 2 )^, 


/ G £ (x,y)ug +£ Veldy < CWcjieWp'Y^ 

Jn e j=1 

Analogously we get 

[ \d Xj G £ {x,y)h\dy < \\h\\„C V [ T (1 + \y - £j| 2 ) -2 dy 

Jn e ; it" F — y I 




< 


cini**e 


^ V(i + N-eil 2 )^ 


f v o 1 Z aj d Xj G £ (x,y)dy\ < C(\\(j) £ \\ p + 
Jn £ 


V f 


1 


^ |z - y|‘ 

<cmil,. + IM..)£i- 


-(d + lsz-i,'! 2 )-^) 


J 


^ V(i + |x-eii 2 )^ 


and 


/• 2 
/ |9^.G e (x,y)^ +£ V e |dy < C'||^ e ||pE 

•Ah “[ 


1 


0+^2 


£1 V(i + I*-OT“ 

Equation 1[M|) and the above estimates imply that 


\Mx)\ < C(\\<f> e \\ p + ||M**) E 


1 


-(1 + | X _F| 2 )^ 


and 


0+7^i 


\Dc/> E (x)\<C(\\ct> e \\ p + 


E 


rt(i + ix-e;i 2 )^ 


In particular 

2 


-C3-P) 


E 


j^(i + \x-m^ 2 


*)\<c E 


/l , I . . s 71 2 

i = l U + k-C I ) 2 
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Since ||0 £ || p = 1, we assume that ||</>£||l° o (.b ji (£')) > 7 f° r certain R > 0 and 7 > 0 inde¬ 
pendent of e. for either i = 1 or i = 2. Then local elliptic estimates and the bounds above 
yield that, up to a subsequence, (j> e (x) = cf) E (x — £[) converges uniformly over compacts of 
to a nontrivial solution 0 of 

(86) A0 + p|Q| p -^ = O, 


which besides satisfies 


(87) 


| 0 (x)| <C\x\( 2 ~ n W. 


In dimension n = 3 this means |0(x)| < C\x\ 2 ~ n . In higher dimension, a bootstrap argu¬ 
ment of 0 solution of (jMD , using estimate (1K71) . gives |0(x)| < C\x\ 2 ~ n . Thanks to non 
degenerate result in [ 2 T], this implies that 0 is a linear combination of the functions z a , 
defined in m, m, Ea and (1231) . On the other hand, dominated convergence 

Theorem gives that the orthogonality conditions f n c/) E v p ~ 1 Z a j = 0 pass to the limit, thus 
getting 



z a (j) = 0 


for all a = 0,... , 3n — 1. 


Hence the only possibility is that 0 = 0, which is a contradiction which yields the proof 
of ||0 £ || p —> 0. Moreover, we observe that 


||0e||* ^ C(||M** "L Il0e||p), 


hence || 0 £ ||* —> 0 . 


Now we are in a position to prove the existence of 0 solution to To do this, let us 
consider the space 

H = {0 G Hq(JI £ ) I / v p j ~ 1 Z aj ^>= 0 V a,j } 

Jn e 

endowed with the usual inner product [0,0] = V0V0. Problem (1711) expressed in weak 

form is equivalent to that of finding a 0 G 77 such that 

[0,0]= f ({p + e)u^ +e_1 0 - h) 0 V0 € H. 

J 

With the aid of Riesz’s representation theorem, this equation gets rewritten in H in the 
operational form 

(88) 0 = r £ (0) + h 

with certain h G H which depends linearly in h and where T e is a compact operator in H . 
Fredholm’s alternative guarantees unique solvability of this problem for any h provided 
that the homogeneous equation 0 = T e (0) has only the zero solution in H . Assume it has a 
nontrivial solution 0 = 0 e , which with no loss of generality may be taken so that ||0 £ ||* = 1. 
But for what we proved before, necessarily ||0 e ||* —> 0. This is certainly a contradiction 
that proves that this equation only has the trivial solution in H. We conclude then that 
for each h, problem (1741) admits a unique solution. Standard arguments give then the 
validity of (1771) . 


We go now to the issue of the dependence of the solution 0 to (1741) on the parame¬ 
ters A\ = (Ai,£0ai,#i) and A' 2 = (A 2 ,£ 2 , ° 2 , $ 2 )- Let us fix j = 1 and define A\ = 
(An, A\ 2 i ■ ■ • , Ai 3 n ) the components of the vector A\ . Let us differential 0 with respect 
to An, f° r some 1 = 1,..., 3 n. We set formally Z = 5 ^ 7 0- 
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We define the number b a j so that 

[ i%~ 1 Zp i [Z - Y b aj Z aj ] = 0, for all /3,i. 

This amounts to solving a linear system in the constants b a j, 

(89) E b ?j [ v*~ l Z ai Z f)j = I 

Jn e Jn e oA-u 

as a direct differentiation with respect to An of the orthogonal conditions f Q vf~ 1 Z a i(/) = 0 
directly shows. Arguing as in ([HI]) , we see that (1891) is uniquely solvable and that 

fyi = O(||0||*) 

uniformly for parameters A[ and A' 2 in the considered region. Thus ry € Hq(Q £ ) and 

(90) / uf 1 Z a i'r] = 0 for all a, i. 

J 

On the other hand, a direct but long computation shows that 

(91) Arj + (p + e)v^~ 1+£ r] = f+ '^2d aj v^~ 1 Z aj in tt e , 


a,3 


where d a j = gj^Caj and 


/ = E M-( A + (p + £)v p 0 ~ 1+£ )Z aj + c aj d All (^Zaj)- 


a,3 


(92) (p + e)9 AlI («? 1+£ 0), 

Thus we have that ry = L e (f). Moreover, we easily see that 

Ud Au K~ 1+£ )\\**<cH\U- 

On the other hand 

|5 Ali (uf- 1 Z m (x))|<C7|x-er n - 4 , 

hence 

11 Cm d All Vi ^m ||** — c\\h\U * 

since we have that c a i = 0(||/i||**). We conclude that 

ll/ll** < c\\h\u*. 

Reciprocally, if we define 

Z = L £ (f) + ^2b ajV p j - 1 Z aj , 

a, j 

with b a j given by relations (l89l) and / by (1921) . we check that indeed Z = d Au (f>. In 
fact Z depends continuously on the parameters A\, A 2 and h for the norm || ||*, and 
||Z||* < C||/i||** for parameters in the considered region. The corresponding result for 
differentiation with respect to the A' 2 follow similarly. 

In other words, we proved that {A\. A' 2 ) eA L e is of class C 1 in £(L^,L^°) and, for 
instance, 

(93) ( D All L e )(h ) = L e {f ) + El b a j Z a j , 

a,j 

where / is given by (1UH1) and b a j by (1HHD . This concludes the proof. 


□ 
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6. The non-linear Problem: proof of Proposition lT2l 
Proof of Proposition \4-ty We write the equation in (f73l) as 

A (p+ (p + e)vl +£ ~ l cp = E - N e (4>) + Y j CgjV^Zgj in Q e 


ot,j 


where 

(94) 


N e (<p) = (vo + <P) p + +£ - v p 0 +£ -{p + e)i 


, E = vl +e - Q\ - Q 1 '. 


Observe that 


\E\< C [\v^-vl\ + \vl-Q\-Ql\) 
< Ce (\Qi\ p \log\Qi\\(x) + 


1 

\ 1 + l^-Cil 4 , 

in the regions where \x — f[\ < 5e~ N ~ 2 , for small 6 > 0. Taking into account that 

n-j-2 

\E\ < Ce n ~ 2 in the complement of these two regions, we get 

H-E/1|** < Ce. 

To estimate N e (cp), it is convenient, and sufficient for our purposes, to assume ||</>||* < 1. 
Note that, if n < 6, then p > 2 and we can estimate 

\N £ ((j>)\<C\v 1 +v 2 \r- 2 \ct )\ 2 


and hence 


\\N e m^<cmi 


Assume now that n > 6. If \(p\ > | we have 

\NM\<C\cf\ p 

||iV(0)||**<C'e-^||«. 

Let us consider now the case \<p\ < In the region where dist(y,dQ e ) > for 

some 5 > 0, then vq( y) > asU(y) for some a§ > 0; hence in this region, we have 

W<p)\ < cu^uwl < CeW-^uwl 

_ i_ 

On the other hand, when dist{y,dO . £ ) < 5e n ~ 2 , the following facts occur: U(y), vo(y) = 

n — 1 

0(e) and, as y —> dPt £ , vo(y) = Ce n ~ 2 dist(y,dfl £ )( 1 + o(l)). This second assertion is a 
consequence of the fact that the Green function of the domain O vanishes linearly with 

i 

respect to dist(x,dQ ) as x —» dCl. These two facts imply that, if dist(y,dQ £ ) < 5e n - 2 
and i p(y) / 0 (otherwise N((p)(y ) = 0), then 

l|A(<£)||**<t/-^- 2 H 2 

4 / n -1 \ P ~2 _ „ 

< CU n ~ 2 (e n ~ 2 dist(y,dQ £ )J dist{y,dPl £ ) 2 \D(p{ij )\ 2 

r-^2+^+^2 O. .5 e|(p-2)-§,ijl„2 
Combining these relations we get 


< CU~^^ P+ ^ +e^ lP_z;_ 2||0|| 2 < Ce~^\ 


12 
I * * 


(95) 


[CU\\l if n < 6 

IIW)||** < < " n-e„ ll9 

II Obll** _ | 2 ifn>6 . 


Now, we are in position to prove that problem (1731) has a unique solution cp = (p + ip, 
with 


( 96 ) 


if := -T e (E), 
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with the required properties. Here T e denotes the linear operator defined by Proposition 
14.11 namely T e (h ) = <f> is L £ cj> = h. We see that problem (17311 is equivalent to solving a 
fixed point problem. Indeed (f> = (f> + is a solution of (1771) if and only if 

4> = -T e (N(4> + ^)) = A £ (4>). 

We proceed to prove that the operator A e defined above is a contraction inside a properly 
chosen region. Since ||-E||* < Ce, the result of Proposition 14.II gives that 

H\\** < Ce 


and 

(97) 


\\N(ip + r])\\^ < 


C(e 2 + s\\r]\\* + HtjII*) if n < 6 

I. 4 4 n—6 0 

C(e 1+n ~ 2 + e n ~ 2 ||jy||* + e n - 2 |MI*) if n > 6 . 


Call 


F={r 1 GH 1 0 : |M|* < ite}. 


^From Proposition 14.11 and (1971) we conclude that, for e sufficiently small and any 77 € IF 
we have 


114(411* < Ce . 

If we choose R big enough in the definition of F, we get then that A e maps F in itself. 
Now we will show that the map A e is a contraction, for any e small enough. That will 
imply that A e has a unique fixed point in F and hence problem (17311 has a unique solution. 
For any r/i, 772 in F we have 


||44i) - 4:(772)||* < 4144 + 7/1) - N e ( 4 > + 772)11**, 


hence we just need to check that N is a contraction in its corresponding norms. By 
definition of N 

Df)N e (fj) = {p + e )[(u 0 + 77)^ +£_1 - v p+£ ~ 1 }. 

Hence we get 

\N e (i> + rii) -44 + 772)1 < Cv p ^ 2 \f)\\ m — 772 1 - 
for some fj in the segment joining 7 ^ + 771 and 4 + 772 - Hence, we get for small enough ||^||*, 

WN^ + rji) -N($ + 772)||** < C' £ p_2+2/3 ||77||*||77i — 772 1|*. 

We conclude that there exists c £ (0,1) such that 

II N($ + 771) - N{\jj + 772 )||** < c||t7i - 772 1 |*. 

This concludes the proof of existence of <p solution to (1771) , and the first estimate in (fTTl) . 
We devote the rest to prove the second estimate in (1771) . 

We recall that <fi is defined through the relation 

44,4, </>) = 4 + L e (N £ (</> + 4) = 0. 


We have that 


444, A 2 , <j>)[6] = e + L e (6D^N(<j) + 4) = 9 + M{6) 

where 

d^n(Ai,a 2 ,4>) = (p+ e)[(« 0 + ^ -1 - wT 6-1 ]- 

Now, 

--—h/3 

l|M(0)||* < C\\(9D^N(cj) + 4)||** < C||u 0 - 2 P D^N((f> + 4)IUI%, 

and 

4 ^^1444 + 4)1 < ^-'ll^ + ^ll* < Ce^WV. 

It follows that for small e, the linear operator D ( pB(Ai, A 2 , cf>) is invertible in L£°, with 
uniformly bounded inverse. It also depends continuously on its parameters. Define 
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again A\ = (Ai,££, ai, #i) and A 2 = (A 2 , £ 2 , a 2 , # 2 )- Let us fix j = 1 and define A\ = 
(An, A 12 , ■ • •, Ai 3 n ) the components of the vector A[. Let us differential <f> with respect 
to An , for some 1 = 1,..., 3 n. We have 

D Au N(Ai,A 2 ,4>) = (p + e)[(v 0 + j)) p + £ ~ 1 - Vo +£_1 

(98) - (p + s- 1 )v% +e ~ 2 cj)\D All v 0 . 
and 

D All B(Ai,A 2 ,<t>) = (D All L e )(N(cj> + ip))+ 

[L £ ((D All N)(A 1 ,A 2 ,4 + 4)) + L e ((Dj > N)(Ai,A 2 , <j> + i/>)D All 1>)]. 

Here D All L £ is the operator defined by the expression (1931) and the second quantity by 
([98]) . Observe also that 

(99) D All ij) = ( D All L £ )(E ) + L e (D All E). 
see ([96]). Also, 

(100) D All E = (p + e)vl +£ ~ l D All vi - pv{~ l D All vi. 

These expressions also depend continuously on their parameters. 

The implicit function theorem then applies to yield that <^>(Ai, A 2 ) indeed defines a C 1 
function into L£°. Moreover, we have for instance 

V All <±> = —(D < j,B(Ai,A 2 ,(j)))~ 1 [(D Au L £ )(N((j) + $)) + [L £ {D Ml [A(A 1; A 2 ,0 + i/>)]) + 


Hence, 


L £ ((^iV)(Ai,A 2 ,0 + V’) J DA 1! V’)]]- 
\\D All <t>\\* <C'(||JV(^ + ^)||**+ 


\\D All N(Ai, A 2 , cj) + ip) ||** + WD^N(Ai,A 2 ,iJj + 4>)D Aii ^j ||**), 


thanks to (l93l) . On the other hand, we get 


( 101 ) 


l|iv e (0 + VOII** < 


Ce 2 if n < 6 
C£ pfi+1 if n > 6. 


Thus, from (|98l) we have 

n—1 

\{D Au N){A ± , A 2 , < CvZ~ 2 |(u 0 + ^ +e “ 1 - v^ 1 - (p + e - l)v p 0 +s ~ 2 ^\ < 


Cn 




hence 


\\(D All N)(Ai, A 2 ,ip + <^>) ||** < C < ||^> + '0||* < Ce. 

In similar way we get that 

\\D^N(Ai,A 2 ,'ip + (j))D All ijj ||** < Ce. 

Hence, we finally get 

\\D Aii 0\U<Ce, 

as desired. A similar estimate holds for differentiation with respect to the other variables. 
This concludes the proof. 

□ 
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Proof of Proposition 14-41 We write 

I(A\, A 2 ) = J e (( 1 + C)(«0 + 0)) ~ Je(( u 0 + 0)) 

+ J E ((u 0 + f>))- Je(PQi + PQ 2 ). 

Since 0(a:) = e 2 0(e n - 2 x), and ||0||* < Ce, we have that 

Je{(l + O( u 0 + (j)) - J £ ((u 0 + </>)) = J £ (( 1 + C)0o)) “ +e((^o)) + o(e) 

At this point, arguing like in the proof of Lemma 13.31 we are able to show that 
+ £ ((1 + C)(«o)) - Je(Oo)) = 27 n eloge + 0 (e 2 | loge|), 
where 7 n is a fixed constant, independent of e. Observe also that 

Vai,a 2 [MO- + C)(«o)) - M( u 0 ))] = °( e2 l lo g £ l) 

uniformly for parameters A\ and A 2 in the considered region. 

Given the result of Lemma 13.31 we need to show that 

(102) I(Ai,A 2 ) - Je(PQi + PQ 2 ) = o(e) 

and 


(103) V Ai ,a 2 [L(71i,A 2 ) - Je(PQi + PQ 2 )] = o(e). 

Recall now that no = PQi + PQ 2 - Let us apply a Taylor expansion 

(104) J £ ((u 0 + (f>)) - J e (PQi + PQ 2 ) = [ tdtD 2 J £ (u 0 + t4>)[4>,$\, 

Jo 


since 0 = DF £ {v 0 + 4>)[(j)\ = (1 + () 2 D J £ (uo<p)[<p]. Now, from the definition of (f>, we see 
that 

/ tdtD 2 J £ (u 0 + t4>)[4>,4>\ = (1 + C) 2 / tdtD 2 F £ (v 0 + t(t>)[(j),(j)\ = 

Jo Jo 

(1 + C) 2 / tdt[l | V0| 2 - (p + e)(u 0 + t</>) p+£_ V] = 

4o 


(105) (1 + C) 2 / tdt( f N((j> + ip)<l)+ / (p + e)K +£ 1 - (u 0 + V’ + R£) p+e V)- 

Since, we recall ||<^||* + ||^||* = O(e), the above relation together with (I 101 D yield in 
particular, 

( 0 (e 2 ) if n < 6 

(106) I{A 1 ,A 2 ) - J £ {u 0 + f>) = lO(e 2 \loge\) if n = 6 

[o(e 1+ ^) if n > 7, 

uniformly on Ai,A 2 in the considered region. Let us estimate now difference in derivatives. 
Define again A\ = (Ai, £ 7 , ai, (?i) and A ' 2 = (A 2 , f 2 , ( 12 , 62 )- Let us fix j = 1 and define 
A' x = (An, A 12 ,..., Ai 3 n ) the components of the vector A' x . Let us differential f> with 
respect to An, for some 1 = 1,..., 3 n. Differentiating with respect to An variables we get 
form (110511 that 

D Au [I(A 1 ,A 2 ) - J £ (u 0 + J>)} = (1 - C) 2 r tdt( [ D All + </>))</>] 

Jo Jn e 

+ (p + £) / S7 Au [{{v 0 + ^Ft(j)) p+£ ~ l -vl +e ~ l )(t) 2 }). 

Jn e 

Using the computations in the proof of Proposition 14.21 we get that 

D Au [I(A 1 ,A 2 ) - J £ (u 0 + $)} = o(e). 
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Now, 


Je(uo + i>)~ Je(u 0 ) = (1 - () 2 [F £ (v 0 + VO ~ -66o)] = 

(107) (1 - C) 2 { [ (1 - t)dt[(p + e) [ ((«o + *V0 p+e_1 - ^o +£_1 )' i /’ 2 ] - 2 [ Efi) 

Jo Jn e Jn e 


where we have used that 


DR 


(voM = ~ [ Ef>. 

Jn 


Arguing as before and taking into account that (11061) holds, we get (11021) . On the other 
hand, using (I107D . we see that 

Da u [J e {uo + i>)~ Je(u 0 )] = (1 - C) 2 D All {/ (1 - t)dt x 


[(p + e) [ ({v 0 + ti/j) p+£ l ~vl +e — 2 f Efi) 
J Q e J 

= o{e) - 2D All ( [ Efi). 

J n e 


On the other hand, we have that 


0 (e4 | logs|) if n = 6 


DaJ[ R £ fi)=< 

if n > 7. 

This concludes the proof of the Proposition. 


0(e 2 n ~ 2 ) if n < 5 


□ 


7. The min-max 

In this section we set up a min-max scheme to find a critical point of the function 'k, 
defined in (1641) . 

We write 

^(A ,£,a,9) = ^(Ai, A 2 , 6 , 6 , a i, a 2 , 6 , 6 ), 

where 

(A ,£,a,0) eR 2 + x (fi x fi \ {& = 6}) x B 2 x K 2 

where 

B = {(x i,s 2 ) : \Jx\ + xl< -}, 

and K is a compact manifold of dimension 2n — 3, without boundary. 

Recall that Q = T>\uj, where wCB(0,i5) C D. Define 

< 66 , 6 ) = #( 6 , 6) 5 #( 6 , 6) 5 - G ( 6 , 6 )- 

The following result holds true (see Corollary 2.1, 031 ) 

Corollary 7.1. For any (fixed) sufficiently small a > 0 there exists do > 0 such that for 
any 5 £ (0, do) and for any smooth domain co C B( 0, d) it holds 

66,6) <0 v (6,£ 2 ) €5, 

where the manifold S is defined by 

S = {(6,6) e I M = W\ = o’}. 
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For any £ = (£i,£ 2 ) £ S we let d(£) = (di(£), g? 2 (£)) € R+ be the negative direction 
of the quadratic form defining T. We easily see that there is a constant c > 0 so that 
c < di(£)d 2 (£) < c ” 1 for all £ € 5. 

In the following we will construct a critical point of “min-max” type of the function 'P. 
This construction has similarities with the ones developed in [I3J and [2D] - We strat with 
the observation that the functions 


a —> T, 0 -A T 

have a maximum respectively in B 2 and K 2 . Let us now introduce for l > 0 and p > 0 
the following manifold 

w l p = {£ G L! 2 I </?(£) < -1} n V p , 

where 

V p = {(£i,£ 2 ) e I dist(£i, dQ) > p, dist(£ 2 . dQ) > p, |£i -£ 2 | > p). 

If we take Ao = — max </?(£) and po = dist(5, dtl), then for any p G (0, po) and l G (0, Zo) 
we have that S C W p . Moreover, for any R > 1 

(108) max \P(rd(£), £, a, 9) > max \P(rd(£), £, a, 0), 

5 eS,R~ 1 <r<R xeS : r=R- 1 ,R, 

aeB 2 ,0eK 2 aed(B 2 ),8eK 2 

where d(£) = (di(£), d 2 (£)) £ R+ is the negative direction of the quadratic form defining 
T. This is a direct consequence of Corollary 17.11 

Now let A and B be fixed numbers defined as follows 


B= max \P(rd(£),£,a, 0) > A 

56S, R~^<r<R 
aeB 2 ,6eK 2 

(109) > max \P(rd(£), £, a, 9) > max \P(rd(£), £, a, 9). 

56 S : r=R- 1 ,R, ieS,r=R~ 1 ,R, 

aeB 2 ,eeK 2 aedB 2 ,eeK 2 

There exists R > 0 large such that for any l G (0, Iq) it holds 

B= max T(rci(£), £, a, 6 ) > max T(A, £, a, 6 ) 

56S, -R— 1 <r<R 56S.A6/ 

a£B 2 ,0£K 2 a.£B 2 ,8£K 2 

(110) > max T(rd(£), £, a, 6 ) > A > max \P(rd(£), £, a, 6 ), 

€£W l p ,AeI ?6 S,r=R~ 1 ,R, 

a£B 2 ,8eK 2 a£dB 2 ,8€K 2 

where / is the hyperbola in R? defined by I = {A G R+ | AiA 2 = 1}. Indeed, for any 
A G I, we have 

(HI) > -G(£i,£ 2 ) > -^r > A, 

provided that R is choosen properly. 

Lemma 7.2. There exist Iq > 0 and po > 0 such that for any l G (0,lo) and P £ (0, po) 
the function \P satisfies the following property: 

for any sequence (A n , £ n , a n , 0 n ) in [i? _ 1 ,i ?] 2 x W l p x B 2 x K 2 such that 

lim(A n , £ n ,a n , 6 n ) = (A,£,a,0) G d([ir\i2 ] 2 x W l p x B 2 x K 2 ) 

n r 

and'il>(A n ,^ n ,a n , 6 n ) G [A, 5] there exists a vector T tangent to d([R~ l ,R\ 2 xW l p xB 2 xK 2 ) 
at (£,A ,a, 8 ), such that 


Vf(£,A,a,0)T/O. 
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Proof. First of all we observe that A n is component-wise bounded from below and from 
above by a positive constant. In fact, if |A n | —> +oo and |A n | —> 0 then \i/j(A n , x n )\ —> 
+oo, which is impossible. Thus we have that A 0 {I? - 1 ,1?}. Furthermore, since a —> 
T has a maximum in B, if a £ dB 2 , then V a T f 0, and we can choose T = VaT. 
Similarly, if Va^(A, x) f 0, then T can be chosen parallel to Va^(A,j;). Then assume 
that Va^(A,x) = 0, A satisfies 

a2 = -^(6,6) 1/2 a2 = i) i/2 

1 Hduitf/wiiM)’ 2 

and £ satisfies ip(f) < 0. Substituting back in T, we get 

T 1 1, 1 

T =- 1 — log--—-—. 

2 2 |p(6>6)l 

Thus we conclude the proof of the Lemma, using the following result proved in [El- 

Lemma 7.3. Given c < 0 there exists a sufficiently small number p > 0 with the following 
property: If 1 ,^ 2 ) € d(Q p xQ p ) is such that <£>(£ 1 , £ 2 ) = c, then there is a vector t, tangent 
to d(Q p x n p ) at the point (^ 1 ,^ 2 ); so that 

( 112 ) V^( 6 , 6 )-t/ 0 . 

The number p does not depend on c. 

□ 


We now have the tools to show the validity of the following fact 

Proposition 7.4. There exists a critical level for T between A and B. 

Proof. First we claim that the function T constrained to x W l p x B 2 x K 2 satisfies the 
Palais-Smale condition in [A , B]. Indeed, let (A n ,£ n , a n , 9 n ) in x W l p x B 2 x K 2 be such 
that lim 'F(A n , £ n , a n , 6 n ) £ [A,B] and lim VT(A n , £ n , a n , 6 n ) = 0. Arguing as in the proof 

n _ n 

of Lemma 17.21 it can be shown that A n remains bounded component-wise from above and 
below by a positive constant. 

Assume now by contradiction that there are no critical levels in the interval [A, B\. We 
can define an appropriate negative gradient flow that will remain in [ii _1 , R] 2 x W l p x B 2 x 
K 2 at any level c £ [A,B\. Moreover the Palais-Smale condition holds in [A,B\. Hence 
there exists a continuous deformation 

77 : [0,1] x -) 

such that for some A' £ (0, A) 

7/(0, u) = u V u £ T B 
77 (t, u) = u V u £ T 4 
77 ( 1 , u) £ ^ A '. 

Let us call 

A = {(A, f , a, 9 ) £ x W l p x B 2 x K 2 | £ £ 5 , A = rd(£), R~ X 
dA = {(A,£,a,0) £ x W l p x B 2 x K 2 \ f £ S, A = R~ 1 or A 

C = I T x W l p . 


< r < R}, 

= Rd(m, 
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,/From (1 1101) we deduce that A C 1 J /S , dA C ^ A ' and T A ' n C = 0. Therefore 

r/(0, u) = u V u G A, 
rj(t, u) = u Vm£ dA, 

(113) f/(l,T)nC = l 

For any (A, £, a, 0) G *4 and for any t G [0,1] we denote 

rj(t,(A,£,a,0)) = (AA,a,d) G M+ x W l p x B 2 x K 2 . 

We define the set 

<6 = {(A, x) e A \ A £ I}. 

Since 77 ( 1 , A)C\C = 0 it holds B = 0. Now let Wbea neighborhood of £> in x Wj xB 2 xK 2 
such that H*(U ) = H*(B). If 7 t : U —>■ S denotes the projection, arguing like in Lemma 
7.1 of [13] we can show that 

7 r* : H*(S) —> H*(U) is a monomorphism. 

This condition provides a contradiction, since H*(U) = {0} and H*(S ) 7 ^ {0}. □ 




SIGN-CHANGING SOLUTIONS FOR SUPERCRITICAL BAHRI-CORON’S PROBLEM 


31 


8. Appendix 


To give a first description of these solutions, let us introduce some notations. Fix an 
integer k. For any integer l = 1,..., k, we define angles 9i and vectors n;, t/ by 
2 ir 

(114) Oi = —(l- 1 ), n; = (cos 6 » z ,sin 6 »/, 0 ), t; = (-sin 6 »;,cosfy, 0 ). 

k 

Here 0 stands for the zero vector in M” -2 . Notice that 9\ = 0, ni = (1,0,0), and ti = 

( 0 , 1 , 0 ). 

In [16J it was proved that there exists ko such that for all integer k > ko there exists a 
solution Q = Qk to m that can be described as follows 


(115) 
where 

(116) 


Qk{x ) = L*(x) + 4 >(x). 


U*(x) = U(x)-^2Uj(x), 


while <fi is smaller than [/*. The functions U and Uj are positive solutions to (HOI) , respec¬ 
tively defined as 


(117) 


where 7 = 


U(x) =7 


1 + x 


n — 2 
2 


, u j( x ) = V k 2 U{n k {x-ij)) 


n(n— 2 ) 
4 


. For any integer k large, the parameters > 0 and the k points 


£l, l = 1,..., k are given by 


(118) 


E 


1 


H k 2 =(l + 0(-)J, for k -A 00 


_j>i (! - cos 0 i) 2 

in particular ~ k~ 2 if n > 4, and ~ k 2 | log A: | 2 if n = 3, as k —> 00 , and 
(119) 6 = Vi-Z^KO). 

The function <j) in (11151) can be further decomposed. Let us introduce some cut-off 
functions Cj to be defined as follows. Let £(s) be a smooth function such that £(s) = 1 for 
s < 1 and C(s) = 0 for s > 2. We also let (~(s) = £(2s). Then we set 

’C(/c?r 1 br 2 l(y-£M)l) if |y| > 1 , 


C Ay) = 

in such a way that that 
The function (j) has the form 
( 120 ) 


({kv 1 |y-£|) if \y\ < 1, 
CM = Cj(y/\y\ 2 )- 


4 > = E^ + ^- 

1=1 

In the decomposition (11201) the functions <pj, for j > 1, are defined in terms of (f> 1 


( 121 ) 

We have that 

( 122 ) 


< h{y,y') = M e k ' l y,y'), j = 


1 n 

ll^lln-2 < Ck 1 9 if n > 4, 


n—2 < 


c 

log k 


if n = 3, 
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where 

(123) ll^llra —2 := || (1 + \y\" 2 )4> llL°°(K n ) ■ 

On the other hand, if we rescale and translate the function </>i 

n — 2 —■ 

(124) faiy) = + fiy) 

we have the validity of the following estimate for </>i 

(125) \\4>i\\n-2 < Ck~^ if n > 4, ||<fti|| n -2 < if n = 3 - 

In terms of the function </> in the decomposition (11151) . equation (1101) gets re-written as 

(126) A^ + p 7 |17*| p -V + £ + 7JV(^) = 0 
where E is defined by 

(127) E = At/* + /([/*) 
and 

N(<j>) = \U* + (j)\ p - 1 (U*+^) - |7/*| p - 1 t/* -p|t/*| p -V. 

One has a precise control of the size of the function E when measured for instance in the 
following norm. Let us fix a number q , with ^ < q < n, and consider the weighted L q 
norm 

(128) IHI** = II (l + \y\) n+ " q 11L 1 ? (R n ) • 

In [16] it is proved that there exist an integer ko and a positive constant C such that 
for all k > ko the following estimates hold true 

(129) ||£7||** < Ck 1 ^ if n> 4, ||£7||** < if n = 3 

log k 

To be more precise, we have estimates for the || • ||**-norm of the error term E in the 
exterior region H;=i{12/ — I > &}> and also in the interior regions {\y — £j| < |}, for any 
j = 1 ,... ,k. Here rj > 0 is a positive and small constant, independent of k. 


In the exterior region. We have 

II (i + l»l)^ 2 -^^(y)ll^ (n? . x{ll ^|> e » < 

if n > 4, while 


l-A 


C 


(i + |y|) 9 - log k 


if n = 3. 


In the interior regions. Now, let \y — £j| < ^ for some j € {1,..., k} fixed. It is convenient 
to measure the error after a change of scale. Define 


We have 


and 


Ej{y) ■■= n^Efe + yy), \y\ < ^ 

I (1 + l2/|) n+2 “^4'(2/)llw(l2/-^l<^) - Ck ~ * if n - 4 
(1 + Ivl)”* 2-3 * EMh'Qv-WK-ft) ^ if n = 3 - 


We refer the readers to m ■ 
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Let us now define the following functions 


(130) 


n a(y) =-^4>{y), for a = l 


TTo (y) = V^(y) + V^(y) • y. 


In the above formula <f> is the function defined in (111511 and described in (112011 . Observe 
that the function ttq is even in each of its variables, namely 

7To(yi, ,Vn) = 7To(yi, • • • ,~Vj, ■ ■ ■ ,Vn) Vj = 1,. . . ,71, 

while ir a , for a = 1 is odd in the y a variable, while it is even in all the other 

variables. Furthermore, all functions n Q are invariant under rotation of ^ in the first 
two coordinates, namely they satisfy (11 5 [1 . The functions iT a can be further described, as 
follows. 

The functions ir a can be decomposed into 

k 

(131) ir a (y) = T a,j(y ) + fo*(y) 


3 = 1 


where 


^aAy) = fo*,i(e k Jl y,y)- 


Furthermore, there exists a positive constant C so that 
if n > 4, and 


^_n ^_It 

||7ro||n—2 <Ck 1 , \\TTj\\n-l < Ck * , j = l,...,k, 


n - 2 -logfc’ ll ^' l|n " 1 - log*’ 

n — 2 

if n = 3. Furthermore, if we denote 7 t Q) i (y) = 7f Qi i(^i + yy), then 

_ n _ri 

||vron|| n _2 <Ck i, ||vr Qi i||„-i < Ck *, a = l,...,n 

if n > 4, and 


Iko, 


11 |n—2 < 


c 


ka.l ||n—1 ^ C 


c 


k log k ’ klog k 

if n = 3. 

For further details we refer the interested reader to [16 


, a = 1,..., 3 
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